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1 Schemes

We recall the basic notions of Schemes. For most of our Algebraic Geometry course we considered
finitely generated reduced K-algebras, but we now extend our correspondence between geometry
and algebra by including rings. Let A be a ring.

Definition. The spectrum of a ring is the pair (SpecA, O), with set of all prime ideals, denoted
SpecA, and O a sheaf of rings on SpecA. If a is an ideal of A then V' (a) C SpecA is the set of all
prime ideals that contain a

Ideally we’d have a functorial correspondence between a ring A and it’s spectrum (SpecA, O).
But in order to do this we’ll need the appropriate category, and it turns out that this is the category
of locally ringed spaces.

Definition (Hartshorne pg 72). A ringed space is a pair (X, Ox) consisting of a topological space
X, and a sheaf of rings Ox on X, called the structure sheaf of the ringed space. A morphism of
ringed spaces from (X,0x) to (Y,Oy) is a pair (f, f*) of a continuous map f : X — Y and a
map of sheaves of rings on Y: f*: Oy — f.Ox. A ringed space (X, Ox) is called a locally ringed
space if for every p € X the stalk Ox , is a local ring. A morphism of locally ringed spaces is a
morphism (f, f#) of ringed spaces such that for each point p € X the induced map of local rings
fg : Oy, f(p) — Ox,p is a local homomorphism of local rings.

Definition (Fibered Product). Let Y be a scheme, and let X be a scheme over Y (i.e. schemes
with morphisms to Y'). We define the fibered product of X and X over Y, X xy X to be a scheme
with morphisms p; : X Xy X — X and ps : X Xy X — X which make a commutative diagram



commute the given morphisms X — Y such that given any scheme Z over Y, and given morphisms
f:Z—>Xandg:Z— X

Definition (Separated scheme). Let f : X — Y be a morphism of schemes. Let A : X — X xy X
for the diagonal morphism.

e The morphism f is called separated if A(X) is a closed subspace of X xy X. In this case we
say X is separated over Y.

e A scheme X is called separated if it is separated over SpecZ.

This looks very similar to the condition which yields Hausdorff topological spaces, but we do not
always get a Hausdorff topological space is that in the category of schemes, the topological space
X x X is not in general the product of the topological space X with itself (products of schemes
aren’t products of sets).

Example. If V is a variety over any algebraically closed field k then the associated scheme ¢(V) is
separated over k.

Definition (Noetherian scheme). A scheme is Noetherian if it can be covered by a finite number of
open affines Spec(4;) each A; a Noetherian ring.

2 Quasi-Coherent Sheaves

You may find that this is not the definition you find online, a more general one is given for arbitrary
ringed spaces we only need the one for schemes.

Notion of sheaf of a module:

It is an unfortunate result that not every sheaf of modules on an affine scheme SpecR can be
associated to an R-module, but if a sheaf is nice enough to have this property than we call this a
quasi-coherent sheaf.

Definition. A sheaf of modules F on a scheme X is called quasi-coherent if there exists an affine
open cover {U;};cr such that on every U; = SpecR; the restriction of the sheaf ]-"U ~ M; is
associated to the R; module M; )

There is the associated notion of a coherent sheaf, which requires that these M; are finitely
generated but we’ll not need this.

Example. The structure sheaf Ox is quasi-coherent on any scheme X since for any open U =
SpecR C X the restiction of Ox to U is isomorphic to R

3 Sheaf Cohomology via Derived Functors

Now review the things we’ve discussed in class.

Theorem. Given any sheaf S of R-modules there is an injective sheaf I of R-module homomorphisms
such that S — I

Which is another way of saying that

Theorem. In the category of R-module sheaves, there are enough injectives.



This theorem gives us an injective resolution from which we build cohomology.

Let X be a topological space, given a sheaf of abelian groups S we can find an injective resolution
S—Iy—>1LH—---
Then we define the ith cohomology group as the following quotient:
H(X,S) =kerd;/im d;_;

Where d; : I; — I;11. This H'(X,S) group is independent of choice of injective resolution of S, and
are moreover the right derived functors of the global section functors I'( X, —)

This definition of cohomology gives us an immediate result:
Corollary. H°(X,S) =T(X,S)

Moreover the big theorem says that we can extend short exact sequences of sheaves of abelian
groups.

Theorem. Given a short exact sequence of sheaves
0—-5 —5 —+S3—0
There exists a long exact sequence of cohomology groups
HY(X,S;) = H°(X,S,) — H°(X,Ss3) - H'(X,S) — H'(X,S) = H'(X,S3) = ---
One result which will prove useful in the next section is the following
Theorem. If Sy is the constant sheaf over any topology space X then Sz(U) = H°(U,Z)
We also could relate derived functor cohomology to singular cohomology and deRham cohomology

Theorem.

HY(X,Z)=H!, (X,7)

sing
Grothendieck gave us the following nice result:

Theorem (Vanishing theorem of Grothendieck). Let X be a Noetherian topological space of dim
n. Then for all i > n the sheaves of abelian groups F on X, H (X, F) =0

Proof. Direct limits, see Hartshorne Chpt I11.2 O

4 Sheaf Cohomology via Open Covers

The derived functors approach is very nice for theory but in terms of hands on computation it’s not
useful at all. We now detail an alternative approach to Cohomology of sheaves via open covers call
Cech Cohomology.

Let X be a topological space F a sheaf of abelian groups on X, U = (U;) an finite open covering
of X. For all p € N define the following abelian group:

CPU,F) = P FUi,--U,)

P
i0<...<ip



(We’ll suppress the open cover). So an element ¢ € CP(F) is a collection of sections in F(U;, - - - U; ),

P
for all intersections of p + 1 sets taken from teh chosen affine open cover these can be unrelated

For every p € N we define a co-boundary map d? : CP(F) — CP*! as

p+1
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With the notation hat meaning i is left out. This makes sense since This is the coboundary of
Pigoonsiiorrosipin is a section of F on U;, N---NU;, N---NU; which contains U;, N---NU; ., as an

p+17? p+1
open subset for all k.

Lemma. For any sheaf of abelian groups F on a topological space X, the composition dP*! o dP :
CP(F) — CPT2(F) is the zero map for all p € N

Proof. This is successful due to the alternating sum
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From this definition of these abelian groups we can form a complex of abelian groups
CUF) = CHF) = C*F)— -

Each arrow is d°,d',d?, etc.. With this we can define the Cohomology of the complex as the usual
hP(C (U, F)) as ker d? /im dP~1. We use this to define Cech cohomology:

Definition. Let X be a topologicz}l space and U an open covering of X. For any sheaf of abelian
groups J on X we define the pth Cech cohomology to be HP (U, F) = h?(C" (U, F))

Properties of Cech cohomology
Lemma. For any topological space X, open cover U and sheaf of abelian groups F then
HU,F) ~T(X,F)

Lemma. For any sheaf of abelian groups F on a topological space X, the complex C (U, F) is a
resolution of F, where

cauF) = II +(F

7;0<...1‘p

UioﬂuﬂU,ip )

Here V C X is open and f : V — X is inclusion.

Proposition. Let X be a topological space, and let U be an open covering, and let F be a flabby
sheaf of abelian groups, then for all p >0 H(U, F) =0



Remarks:

e If we fix X a topological space and open cover U then in general a short exact seq of sheaves
of abelian groups on X is not going to always yield a long exact sequence of C'ech cohomology
groups. As a result it does not always agree with derived functor cohomology, the fix for this
is to insist the scheme in question is separated (or at least your space is paracompact).

e Further elaborating on this point about a lack of long exact sequences. It means that H? (I, —)
is not a delta functor, Hartshorne gives the example of the trivial covering, a single set and
then global section functor I'(X, —) is not exact.

e Its not clear from the definition of Clech cohomology that it does NOT depend on the choice of
open cover, which is a large drawback from this definition. It can be shown that the definition
of C'ech cohomology is independent of choice of cover, but this must be proved.

As mentioned before we do not always get a long exact sequence of Cech cohomology from short
exact sequence of sheaves, but there are conditions we can impose on our topological space X:
Paracompact Hausdorff spaces, and varieties with the Zariski topology work.

Theorem (Long exact sequences). If 0 — F; — F» — F3 — 0 is an exact sequence of quasi-coherent
sheaves on a variety X then there exists a long exact sequence of vector spaces

0— H'U,Fi) — H' U, F2) = H'U, F3) — H' U, Fy) — H (U, F2) = H' U, F3) — -+
Proof. Consider the commutative diagram of abelian groups.
0 —— CP(F1) —— CP(Fp) —— CP(F3) —— 0
L | L
0 —— CPHY(F) —— CPTY(F) —— CPTY(F) —— 0

The horizontal maps are induced by the given morphisms of sheaves. We claim the rows are
exact. To do this we need 3 results we state without proof:

e Every intersection U, N---NU;, of affine open subsets from the chosen cover is again an affine
variety Spec A.

e From this the three quasi-coherent sheaves F; are associated to R-modules M; for ¢ = 1,2,3
on this intersection by the following lemma the corresponding sequence of modules is exact

00— M; — My — M3z —0

Lemma. A sequence of R-modules is exact if and only if the sequence of associated sheaves
of is exact on X, for X an affine scheme

e This is just a sequence of sections

0— F1(U) = FU) = FU) =0

By the definition of
sequences so also exact.

the rows of the above diagram are just direct products of such



The Snake Lemma thus implies there is an induced exact sequence
0 — kerd} — kerdh — kerd; — CP*H(Fy)/im & — CPTH(Fy)/im db — CPTY(F3)/im dj — 0

Of kernels and cokernels of the vertical maps in the above diagram. Using the second half p — p—1
and the first half p — p + 1 of the sequence separately we can make a new commutative diagram
with exact rows. Here Cokerd?™' = C?(Fy)/im d? ™"

Coker d?~' —— Cokerdy ' —— Cokerd}™' —— 0

! | |

0 — kerd?™ ——— kerd§"" ——— kerdj ™!

Where the vertical maps are induced by d? for i = 1,2,3. Applying the Snake Lemma again we get
an exact sequence of cohomology.

HP(U, F1) — HY (U, Fo) — HP (U, F3) — HP YU, Fy) — HPTH U, Fo) — HP YU, Fs)

as the kernels and cokernels of the vertical maps in this new diagram are by definition just the
cohomology spaces. This theorem is now gotten by combining these exact sequences for all p. [

We can construct the Cech cohomology of the general scheme X via direct limits: IfU > B are
two open covers of X, then we get a homomorphism HP (U, F) — HP(B, F), such that we get the
Cech cohomology of the general scheme:

HP (X, F) = lim H?(U, F)
—

Proposition. Let X be an affine scheme and 0 — F; — Fo — F3 — 0 exact sequence of Ox
modules and assume Fj is quasi-coherent, then the sequence

0—-T(X,F1) - T(X, F) - T(X,F3) =0
is exact.

Example. Example of Cech cohomology in action: Of S' in its usual topology. Let Z be the
constant sheaf, and U be the open covering by two connected open semi-circles U, V which overlap
at each end so U NV is two small intervals. Then

C'=T(U,Z)xT(U,Z) =Z x L
C'=T(UNV,2)=Zx7Z

(Recall that for long exact sequences of cohomology global sections are H?)

The map d : C° — C* sends (a,b) to (b —a,b—a), so H*(U,Z) = Z, and H*(U,Z) =Z

5 Comparison of the two

We’d now like to compare the previously build derived functor approach with the current Cech
cohomology, and show that they’re the same. The first result gives a map between these in the
general case, but if we strengthen the ask of what each of X, F,U can be we get the desired result.



Lemma (Lemma 4.4 in H Chpt 3). Let X be a topological space, and U an open covering. Then
for all p > 0 there is a natural transformation

HP(U,F) — HP(X,F)
Functorial in F
Proof. See Hartshorne chapter 3 page 221. O
If we ask more of these three objects then we obtain an isomorphism:

Theorem. Let X be a noetherian separated scheme, let U be an open affine cover of X, and
F a quasi-coherent sheaf on X. Then for all p > 0 the natural maps of the above lemma are

isomorphisms:
HP(U,F)~ H?(X,F)

We also get Leray’s theorem:

Theorem (Leray). Let F be a sheaf on a topological space X and U an open cover of X. If F is
acyclic on every finite intersection of elements in the open cover then

HP(U,F) = H?(X,F)

Other ways they coincide: If X is a Hausdorff paracompact space, then derived functor coho-
mology coincdes with Cech cohomology for all sheaves



6 Bibliography
e Hartshorne, Robin. Algebraic Geometry. New York: Springer, 2010. Print.

e Gathmann, Andreas. Algebraic Geometry. https://www.mathematik.uni-kl.de/ gathmann/class/alggeom-
2021/alggeom-2021.pdf

e Vakil, Ravi. THE RISING SEA: Foundations of Algebraic Geometry.
http://math.stanford.edu/ vakil/216blog/FOAGnov1817public.pdf



